It is proved that if a ring R is semiabelian, then so is the skew polynomial ring R x; σ , where σ is an endomorphism of R satisfying σ e e for all e ∈ E R . Some characterizations and properties of semiabelian rings are studied.
Introduction
Throughout the paper, all rings are associative with identities. We always use N R and E R to denote the set of all nilpotent elements and the set of all idempotent elements of R.
According to 1 , a ring R is called semiabelian if every idempotent of R is either right semicentral or left semicentral. Clearly, a ring R is semiabelian if and only if either eR 1 − e 0 or 1 − e Re 0 for every e ∈ E R , so, abelian rings i.e., every idempotent of R is central are semiabelian. But the converse is not true by 1, Example 2.2 .
A ring R is called directly finite if ab 1 implies ba 1 for any a, b ∈ R. It is well known that abelian rings are directly finite. In Theorem 2.7, we show that semiabelian rings are directly finite.
An element e of a ring R is called a left minimal idempotent if e ∈ E R and Re is a minimal left ideal of R. A ring R is called left min-abel 2 if every left minimal idempotent element of R is left semicentral. Clearly, abelian rings are left min-abel. In Theorem 2.7, we show that semiabelian rings are left min-abel.
A ring R is called left idempotent reflexive if for any e ∈ E R and a ∈ R, aRe 0 implies eRa 0. Theorem 2.5 shows that R is abelian if and only if R is semiabelian and left idempotent reflexive.
In 3 , Wang called an element e of a ring R an op-idempotent if e 2 −e. Clearly, op-idempotent need not be idempotent. For example, let R Z/3Z. Then 2 ∈ R is an opidempotent, while it is not an idempotent. In 4 , Chen called an element e ∈ R potent in case there exists some integer n ≥ 2 such that e n e. We write p e for the smallest number ∈ M 2 Z is a potent element, while it is not idempotent. We use E o R and PE R to denote the set of all op-idempotent elements and the set of all potent elements of R. In Corollaries 2.2 and 2.3, we observe that every semiabelian ring can be characterized by its op-idempotent and potent elements.
If R is a ring and σ : R → R is a ring endomorphism, let R x; σ denote the ring of skew polynomials over R; that is all formal polynomials in x with coefficients from R with multiplication defined by xr σ r x. In 1 , Chen showed that R is a semiabelian ring if and only if R x is a semiabelian ring. In Theorem 2.13, we show that if R is a semiabelian ring with an endomorphism σ satisfying σ e e for all e ∈ E R , then R x; σ is semiabelian.
Main Results
It is well known that an idempotent e of a ring R is left semicentral if and only if 1 − e is right semicentral. Hence we have the following theorem.
Theorem 2.1. The following conditions are equivalent for a ring R.
1 R is a semiabelian ring.
2 For any e ∈ E R , eR 1 − e ∪ 1 − e Re is an ideal of R.
3 For any e ∈ E R , eR 1 − e ∪ 1 − e Re eR 1 − e 1 − e Re.
Proof. 1 ⇒ 2 assume that e ∈ E R . Since R is semiabelian, e is either left semicentral or right semicentral. If e is right semicentral, then eR 1 − e 0 and 1 − e is left semicentral. Thus R 1 − e ReR 1 − e R 1 − e ReRe 1 − e Re and eR 1 − e ∪ 1 − ve Re 1 − e Re R 1 − e ReR is an ideal of R. Similarly, if e is left semicentral, then eR 1 − e ∪ 1 − e Re ReR 1 − e R is also an ideal of R.
2 ⇒ 3 is clear. 3 ⇒ 1 assume that e ∈ E R . If e is neither left semicentral nor right semicentral, there exist a, b ∈ R such that 1 − e ae / 0 and eb 1 − e / 0. By 3 , 1 − e ae eb 1 − e ∈ 1 − e Re ∪ eR 1 − e . If 1 − e ae eb 1 − e ∈ 1 − e Re, then eb 1 − e e 1 − e ae eb 1 − e 1 − e ∈ e 1 − e Re 1 − e 0, a contradiction; if 1 − e ae eb 1 − e ∈ eR 1 − e , then 1 − e ae 0, it is also a contradiction. Hence e is either left semicentral or right semicentral. 
Call a ring R idempotent reversible if gRe 0 implies eRg 0 for e, g ∈ E R . Clearly, abelian rings are left idempotent reflexive, and left idempotent reflexive rings are idempotent reversible. But we do not know that whether idempotent reversible rings must be left idempotent reflexive. It is easy to see that a ring R is left idempotent reflexive if and only if for any a ∈ N R , aRe 0 implies eRa 0. In fact, it is only to show the sufficiency: Let a ∈ R and e ∈ E R satisfy aRe 0. If eRa 0, then eba / 0 for some b ∈ R. Since eba ∈ N R and eba Re 0, by hypothesis, eR eba 0, this implies eba ee eba 0, which is a contradiction. Hence eRa 0, R is a left idempotent reflexive ring.
Let D be a division ring. We have the following theorem.
Theorem 2.5. The following conditions are equivalent for a ring R.
1 R is an abelian ring.
R is a semiabelian ring and idempotent reversible ring.

R is a semiabelian ring and left idempotent reflexive ring.
4 R is a semiabelian ring and for any a ∈ J R , aRe 0 implies eRa 0.
Proof. 1 ⇒ 3 ⇒ 2 ⇒ 1 and 3 ⇒ 4 are trivial. Now let e ∈ E R . If R is semiabelian, then e is either right semicentral or left semicentral. If e is right semicentral, then 1 − e ReR 1 − e 0. Since R 1 − e Re ⊆ N R ∩ J R , 4 implies 1 − e R 1 − e Re 0. Hence 1 − e Re 0. This shows that e is central; if e is left semicentral, then 1 − e is right semicentral. Hence 1 − e and so e is also central. Thus 4 ⇒ 1 holds.
Since semiprime rings are left idempotent reflexive, we have the following corollary by Theorem 2.5. Theorem 2.7. Let R be a semiabelian ring and e ∈ E R . Then,
2 If a ∈ R and ae 0, then Rera ⊆ N R for all r ∈ R,
Proof. 
Proof. 1 Assume that ab 1. Let e ba. Then e ∈ E R and eb b. By Theorem 2.7 3 , b 1 − e eb 1 − e ∈ J R . Hence 1 − e ab 1 − e ∈ J R , which implies 1 e ba. 2 Let 0 / e ∈ E R and Re be a minimal left ideal of R. Then 1 − e Re / 0 and R 1 − e Re Re. Since R is a semiabelian ring, by Theorem 2.7 3 , 1 − e Re ⊆ J R . This implies e ∈ J R , that is, e 0 which is a contradiction. Hence 1 − e Re 0, so e is left semicentral. Hence R is a left min-abel ring.
For a ring R, a proper left ideal P of R is prime if aRb ⊆ P implies that a ∈ P or b ∈ P . Let Spec l R be the set of all prime left ideals of R. In 5 , it has been shown that if R is not a left quasiduo ring, then Spec l R is a space with the weakly Zariski topology but not with the Zariski topology.
Let R be a ring. Then the set Max l R of all maximal left ideals of R is a compact T 1 -space by 6, Lemma 2.1 . Recall that a topological space is said to be zero dimensional if it has a base consisting of clopen sets. Where a clopen set in a topological space is a set which is both open and closed. Now, for a left ideal I of a ring R, let α I {P ∈ Spec l R | I P } and β I Spec l R \ α I . If I Ra for some a ∈ R, then we write α l a and β l a for α Ra and β Ra .
For any left ideal I of R, we let
A ring R is called left topologically boolean, or a left tb-ring 7 for short, if for every pair of distinct maximal left ideals of R there is an idempotent in exactly one of them.
A ring R is called clean 8 if every element of R is the sum of a unit and an idempotent. In particular, every set in ξ is clopen.
Proof. 1 Since e / ∈ N, Re N R. Let 1 be n for some b ∈ R and n ∈ N. Since eR 1 − e Re 0 by Theorem 2.7 1 , eR 1 − e eR 1 − e n ⊆ N. Since N is a prime left ideal and e / ∈ N, 1 − e ∈ N.
2 Let P ∈ U l e ∩ U l f . Then e / ∈ P and f / ∈ P . By 1 , we have 1 − e, 1 − f ∈ P .
Similarly, we have U l e ∩ U l f U l fe . 3 and 4 They are also straightforward to prove. By induction on n, we can show 5 , 6 and 7 . Thus every set in ξ is clopen. Proof. Suppose that M and N are distinct maximal left ideals of R. Let a ∈ M \ N. Then Ra N R and 1 − xa ∈ N for some x ∈ R. Clearly, xa ∈ M \ N. Since R is clean, there exist an idempotent e ∈ E R and a unit u in R such that xa e u. If e ∈ M, then u xa − e ∈ M from which it follows that R M, a contradiction. Thus e / ∈ M. If e / ∈ N, then 1 − e ∈ N by Lemma 2.9 1 and hence u 1 − e xa − 1 ∈ N. It follows that N R which is also not possible. We thus have that e is an idempotent belonging to N only.
Theorem 2.11. Let R be a semiabelian ring. If R is a left tb-ring, then ξ forms a base for the weakly Zariski topology on Max l R . In particular, Max l R is a compact, zero-dimensional Hausdorff space.
Proof. Similar to the proof of 6, Proposition 2.5 , we can complete the proof.
A ring R is called von Neumann regular if a ∈ aRa for all a ∈ R and R is said to be unit-regular if for any a ∈ R, a aua for some u ∈ U R . A ring R is called strongly regular if a ∈ a 2 R for all a ∈ R. Clearly, strongly regular ⇒ unit-regular ⇒ von Neumann regular. Since von Neumann regular rings are semiprime, it follows that von Neumann regular rings are left idempotent reflexive. And it is well known that R is strongly regular if and only if R is von Neumann regular and abelian. In view of Theorem 2.5, we have the following corollary. 
R is strongly regular.
2 R is unit-regular and semiabelian.
R is von Neumann regular and semiabelian.
Following 9 , a ring R is called left NP P if for any a ∈ N R , Ra is projective left R-module, and R is said to be n-regular if for any a ∈ N R , a ∈ aRa. A ring R is said to be reduced if a 2 0 implies a 0 for each a ∈ R, or equivalently, N R 0. Obviously, reduced rings are n-regular and abelian, and n-regular rings are left NP P and semiprime. Using Theorem 2.5, the following theorem gives some new characterization of reduced rings in terms of semiabelian rings.
Theorem 2.13. The following conditions are equivalent for a ring R.
1 R is reduced.
R is n-regular and semiabelian.
3 R is left NP P , semiprime, and semiabelian.
Proof. 1 ⇒ 2 ⇒ 3 are trivial.
3 ⇒ 1 let a ∈ R such that a 2 0. Since R is left NP P , l a Re, e ∈ E R . Hence ea 0 and a ae because a ∈ l a . Since R is semiabelian and aRa 1 − e aeR 1 − e a ⊆ 1 − e ReR 1 − e a, aRa 0 by Theorem 2.7. Since R is semiprime, a 0, which shows that R is reduced.
If R is a ring and σ : R → R is a ring endomorphism, let R x; σ denote the ring of skew polynomials over R; that is all formal polynomials in x with coefficients from R with multiplication defined by xr σ r x. Note that if R σ is the R, R -bimodule defined by R R σ R R and m • r mσ r , for all m ∈ R σ and r ∈ R, then R x; σ / x 2 ∼ R ∝ R σ . e n e 0 .
2.4
Hence Proof. Since every element f x of R x; σ / x 2 can be written f x a 0 a 1 x with x 2 0, by the same proof as Theorem 2.14, we can complete the proof. A ring R is called left MC2 2 if for any a ∈ R and e ∈ ME l R , aRe 0 implies eRa 0. Clearly, left idempotent reflexive rings are left MC2. We do not know whether idempotent reversible rings are left MC2. But we know that there exists a left MC2 ring Recall that a ring R is left pp if every principal left ideal of R is projective. As an application of Proposition 2.18, we have the following result. 1 R is a semisimple Artinian ring.
R is an idempotent reversible left HI ring.
According to 8 , an element x ∈ R is called exchange if there exists e ∈ E R such that e ∈ xR and 1 − e ∈ 1 − x R, and x is said to be clean if x e u where e ∈ E R and u ∈ U R . By 8 , clean elements are exchange and the converse holds when R is an abelian Proof. Since x is an exchange element, there exists e ∈ E R such that e ∈ xR and 1 − e ∈ 1 − x R. Let e xy and 1 − e 1 − x z where y ye, z z 1 − e ∈ R. Then x − 1 − e y − z xy − xz − 1 − e y 1 − e z xy 1 − x z − 1 − e y − ez e 1 − e − 1 − e y − ez 1 − 1 − e y − ez. Since R is a semiabelian ring, e is either left semicentral or right semicentral. If e is left semicentral, then 1 − e y 1 − e ye 0 and ezR 2 ezRezR ez 1 − e RezR ⊆ eR 1 − e ReR 0 by Theorem 2.7 1 . Hence ez ∈ J R . Similarly, if e is right semicentral, then ez ez 1 − e 0 and 1 − e y ∈ J R . This implies 1 − 1 − e y − ez ∈ U R , so x − 1 − e y − z ∈ U R . Since R is a semiabelian ring, by Theorem 2.8, R is a directly finite ring. Hence x − 1 − e ∈ U R , which implies x is a clean element. Proof. Let ab 0 and e ∈ E R . Since R is a semiabelian ring, either e is left semicentral or e is right semicentral. If e is left semicentral, then Raeb 
